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Abstract 

This paper provides sharp Dirichlet heat kernel estimates in inner uni- 
form domains, including bounded inner uniform domains, in the context 
of certain (possibly non-symmetric) bilinear forms resembling Dirichlet 
forms. For instance, the results apply to the Dirichlet heat kernel asso- 
ciated with a uniformly elliptic divergence form operator with symmetric 
second order part and bounded measurable coefficients in inner uniform 
domains in R n . The results are applicable to any convex domain, to the 
complement of any convex domain, and to more exotic examples such as 
the interior and exterior of the snowflake. 
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1 Introduction 

This paper is concerned with Dirichlet heat kernel estimates in inner uniform 
domains. The monograph [9] introduced a general approach to this problem in 
the case of unbounded domains in Dirichlet spaces satisfying a global parabolic 
Harnack inequality. Sharp estimates for the heat kernel and the heat semigroup 
with Dirichlet boundary condition in domains have been studied by many au- 
thors. The article [3] contains seminal ideas. Varopoulos' work [27l [28] contains 
definitive results for domains above a Lipschitz function. We refer the reader to 
[71 [TTJ [T7J [TSJ [35] for related results and further pointers to the literature. The 
main difference between these earlier works and the present effort is twofold. 
First, as in [pj, our results cover inner uniform domains, a class of domains that 
is significantly larger than, say, Lipschitz domains. Further, inner uniformity is 
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an intrinsic notion that can be used in rather general metric spaces. This allows 
us to develop our results in the context of a large class of Dirichlet spaces. This 
larger context allows us to cover many natural and interesting examples beyond 
elliptic operators in R™, for instance, sub-elliptic operators. 

This paper complements the results of [H] in several significant ways. For 
this purpose, we rely heavily on the results contained in the companion papers 
[141 113] that were developed with the applications given here in mind. 

First, we treat the case of bounded inner uniform domains which is not 
covered by [S]. In the unbounded case, the technique of [5] is based on using 
a Doob's transform that involves the "harmonic profile" hu of the domain U, 
that is, a harmonic positive function in U that vanishes on the boundary (in 
the proper sense). In the case of bounded inner uniform domains, hu must be 
replaced by the positive eigenfunction <f>jj associated with the lowest Dirichlet 
eigenvalue \jj of the domain U . This requires significant adaptation of the 
arguments. 

Second, whether the domain is bounded or not, we include a wide class 
of non-symmetric second order differential operators. In the case of a fixed 
bounded inner uniform domain, there is not much difference in the final results 
between the symmetric and non symmetric cases. In the case of unbounded 
domains, the presence of a drift forces the estimates to be local in time (in a 
certain sense). 

Third, in both the symmetric and non-symmetric cases, we relax the very 
global assumptions made in [9] to cover cases where the geometry of the under- 
lying space is only controlled locally. In particular, we cover domains that are 
inner uniform only in a certain local sense. For instance, we treat the Dirichlet 
heat kernel for the Laplacc-Bcltrami operator in an unbounded inner uniform 
domain in a complete Riemannian manifold, without global curvature assump- 
tion or under the Ricci curvature assumption Ric > — Kg, for some k > 0. We 
also obtain some local estimates for the Dirichlet heat kernel in the interior of 
an unbounded convex set in R™. Most unbounded convex sets are not inner 
uniform but they are always locally uniform. 

We will work in a rather abstract setting involving the notion of (not nec- 
essarily symmetric) Dirichlet forms and the associated intrinsic distance. This 
setting is actually very natural for this problem because, even when treating 
domains in R™, the technique we use requires the introduction of some auxiliary 
abstract Dirichlet spaces in which most of the work is done. Nevertheless, in 
the rest of this introduction, we illustrate the main results of this paper in the 
context of certain elliptic operators on a complete Riemannian manifold. 

Let (M, g) be a complete Riemannian manifold equipped with its Rieman- 
nian measure /i. Let U be an inner uniform domain in M (for instance, if 
M = R™, bounded convex domains are inner uniform and the complement of 
any convex domain is inner uniform). Let L be a second order differential op- 
erator on M of the form 

L= A+X+V 

where A is the Laplace-Beltrami operator on M, X is a smooth vector field 
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on M (viewed as a differential operator acting on smooth functions X : / i-> 
Xf = df(X j) and V is a smooth function on M (viewed as multiplication 
operator). This particular structure of the differential operator L is chosen here 
for convenience and illustrative purpose. 

Suppose that M has non- negative Ricci curvature and X = 0, V = 0. Sup- 
pose also that U is unbounded. Then [3] provides a global space-time two-sided 
estimate of the Dirichlet heat kernel h^(t,x,y) of the form 

hu(x)hu(y) ( du{x,y) 2 
C — — cxp — c 



In this two-sided estimate, different constants C,c £ (0, oo) are used in in the 
lower and upper bounds. The function hu is any fixed positive solution of 
Lh = in U which vanishes at the boundary (in the proper weak sense). We 
call this function a harmonic profile for U . For any x £ U and r > 0, x r denotes 
a point in U with the property that d(x,x r ) < Ar and d(dll,x r ) > ar where 
a, A are independent of x and r. The inner uniformity of U ensures that such a 
point x r exists for every x £ U and r > 0. 

One of the aims of this paper is to prove that if U is a bounded inner 
uniform domain in a Riemannian manifold and L = A + X + V&s described 
above then the Dirichlet heat kernel for L in U can be estimated above and 
below on (0,diam^) x U x U by 

e- tx 4>{x)(j)(y) ( d v {x,yf 
C — = exp — c 



^/v^VtW^Vmx^iy^) 



Here diamy is the diameter of U, A is the lowest Dirichlet eigenvalue of L in U 
and 4> is the positive eigenfunction associated with A and satisfying J 4> 2 d[i = 1. 
The notation x r has the same meaning as before, a point in U at distance at most 
Ar from x and at distance at least ar from the boundary of U. The lower and 
upper bounds use different constants c, C £ (0, oo) and these constants depend 
on U and on X, V. As a corollary, we also obtain that there are constants 
C = C(L, U) and a = a(L, U) so that any Dirichlet eigenfunction ip for L in U 
with eigenvalue A^, satisfies 

i^i < ciA^r^. 

In fact, we obtain a refined estimate that captures more precisely what happens 
at different boundary points. 

For concrete examples, the reader can think of a bounded polygonal domain 
in K" as in Figure [TJ In this context, we can consider the heat equation with 
Dirichlet boundary condition for the divergence form operator 

L.f = d if + E w + E w/) + °f 

where bi,di,c are bounded measurable functions. Let <f> be the positive eigen- 
function associated with the lowest Dirichlet eigenvalue of — L in O. Let </>o 
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Figure 1: A polygonal domain £1 with a slit 




be the positive eigenfunction associated with the lowest Dirichlet eigenvalue of 
— ^2 df in f2. We show that <j) ~ <f>o in ft. The function </>o vanishes at different 
rates as x tends non-tangentially to different boundary points. The rate de- 
pends on the angle at the boundary point. For instance, will vanish linearly 
at smooth boundary points and will vanish quadratically when approaching the 
vertex of an interior right angle. The polygonal domain f2 may have a vertex 
with interior angle of 27r in which case the corresponding vertex is the tip of 
a slit. At such a vertex, <fi vanishes as the square root of the distance to the 
boundary. The heat kernel estimates stated above capture this in a very precise 
way by reducing the estimates of the Dirichlet heat kernel to the understanding 
of the eigenfunction <f> (hence <po)- The case of the Koch snowflake is another 
good example to keep in mind. 

An important special case of these results arises when the manifold M has 
non-negative Ricci curvature (hence satisfies the parabolic Harnack inequality 
at all scales) and L = A. In this case, the results described above hold true 
uniformly over the class of all inner uniform domains with a specified inner 
uniformity constant. For instance, we can conclude that 



e Adiam ^(diam^,x,?/) 
<t>(x)<j>(y) 



1 and < C|A„ 



uniformly over this class of domains. 

The general setting in which we will work allows us to cover many differ- 
ent situations including the case when the Riemannian structure used above is 
replaced by a sub-Riemannian structure. 



2 The underlying space and its geometry 
2.1 The intrinsic distance 

Let A be a connected, locally compact, separable metrizable space and let \x be 
a non-negative Borel measure on X that is finite on compact sets and positive 
on non-empty open sets. 
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We fix a symmetric, strictly local, regular Dirichlet form (£ S ,J- = D(£ s )) on 
L 2 (X, /j,) with energy measure dr. Recall that dT is a measure- valued quadratic 
form defined by 

J fdT(u,u)=£ s (uf,u)-^£ s (f,u 2 ), Vf,ueTnL°°(X,n), 

and extended to unbounded functions by setting it) = lim n _ s . 00 T(u n , u„), 
where u n = max{min{it, n}, —n}. Using polarization, we obtain a bilinear form 
dT. In particular, 

£'(u,v) = J dT(u,v), Vit, u G J 7 . 
We equip the Hilbert space T with its natural norm 

ll/b= Qj/| 2 d/x + | dT(/,/) 

Let [/ C X be an open set. Define 

F loc (U) = {/ G L* C (17) : v compact Jf c £/, 3/ J eJ,/ = /*| K a.e.} 

For f,g £ T lac (U) we define r(/, 5 ) locally by T(f,g)\ K = T(fl,g*)\ K , where 
if C U is compact and /*, 5" are functions in J 7 such that / = /" , g = g* a.e. on 
K. Set 

J([/) = {ueJ r IOC (£/): / \u\ 2 dfx + I dT{u,u)< 00}, 
Ju Ju 

IF C (U) ={«e F(U) : the essential support of u is compact in U}. 
T°(U) = the closure of F a (U) for the norm |u| 2 <i/^ + J dT(u,u) 

Definition 2.1. TTie intrinsic distance d := dgs induced by (£ B ,J r ) is defined 
as 

d £ ,(x, y) := sup {f(x) - f(y) : / G T loc (X) H C(X), dT(/, /) < d/*}, 
/or x,y G X, where C(X) is the space of continuous functions on X. 

Throughout this paper, the spaces J 7 , J-(U), F C (U), T°{U) and the intrinsic 
distance d play an essential role. The space T is the equivalent of the Sobolev 
space of L 2 functions with gradient in L 2 . The distance d defines the geometry 
of our space and will be used to introduce fundamental assumptions. 

Consider the following properties of the intrinsic distance that may or may 
not be satisfied. They are discussed in [25l [23] , 

• (Al) The intrinsic distance d is finite everywhere, continuous, and defines 
the original topology of X. 
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• (A2) The space (X, d) is a complete metric space. 

• (A2') Vx e X, r > 0, the open ball B(x, r) is relatively compact in (X, d). 

Note that if (Al) holds true then, by [25j Theorem 2], (A2) is equivalent to 
(A2'). Moreover, (Al)-(A2) imply that (X,d) is a geodesic space, i.e., any two 
points in X can be connected by a minimal geodesic in X. See [251 Theorem 
1]. If (Al) and (A2) hold true then the intrinsic distance is also given by (see 
[2"31 Proposition 1]) 

d(x,y) = sup{/(x) - f(y) : / e Jfl C C (X), dT(f,f) <dfx}, x,y e X. 

When working in a subset Y of X, it is sometimes sufficient to assume only 
(Al) and 

• (A2-Y) For any ball B(x,2r) C Y, B(x,r) is relatively compact. 

This is a version of property (A2') that is localized in a set Y of particular 
interest. We will not pursue this systematically here but we will make a technical 
use of this fact at a later stage in the paper. 

Example 2.2. Let Cl be a domain in Euclidean space. Consider the (symmetric) 
Dirichlet form £n(f,f) = Jq \Vf\ 2 dfj, with domain Hq(CI), the Sobolev space 
obtained by closing the space of smooth functions with compact support in Cl in 

1/2 

the norm (/q(|/| 2 + |V/| 2 )dx) . This form is regular on Cl. The intrinsic 
distance is equal to the inner Euclidean distance in Cl (obtained by minimizing 
the length of the curves in Cl joining two points of CI, see the next section) and 
property (Al) is satisfied. Property (A2) is not satisfied but (A2-Y) holds true 
for any Y with Y C Cl. 

2.2 Inner metric 

Assume (Al)-(A2) and let CI be a non-empty domain in X . For any continuous 
path 7 : [0, 1] -t Y, set 

length( 7 ) = sup 1 <*(7(*<). 7(*i-i)) : n € N, < to < ■ • • < U < 1 
I i=i 

Definition 2.3. The inner metric on CI is defined as 

dn(x,y) = inf {length(7)|7 : [0,1] — > CI continuous, 7 (0) = x, 7 (l) = y}. 

Let CI be the completion of Cl with respect to dn . 

Whenever we consider an inner ball B^(x,R) — {y £ Cl : dn(x,y) < R} or 
Bq(x, R) = Bq(x,R) D Cl, we assume that its radius is minimal in the sense 
that B^(x,R) 7^ B^(x,r) for all r < R. If a; is a point in Cl, denote by 5(x) = 
o~n{x) — d(x,dCl) the distance from x to the boundary of Cl. Let diamQ(f2) be 
the diameter of Cl in the inner metric dn- 
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Definition 2.4. For two open sets V C tt, let 
T° c (n, V) = {/ G if oc ( fi ) :V^cy, rel. cpt. in Q with dn(W, fi\ V) > 0, 
3f G J*(?7) suc/i t/wrf / = /" a.e. on . 

Definition 2.5. Let f2 6e a domain in X . For an open set V C Q, let V" &e 

i/ie largest open set in Q which is contained in the closure of V in Q and whose 
intersection with Q is V . 

Lemma 2.6. Let V be an open set in fl. A function g G .F loc (V) is in J-"° c (i7, V) 
if and only if we have fg G ,7^(0) for any bounded function f G J~(fl) with 
compact support in V$ and such that dT(f, f)/d/j, G L°°(Q,n). 

Proof. See Lemma 2.46]. □ 

2.3 The doubling property and Poincare inequality 

Let Y C X and assume that the intrinsic metric d satisfies (A1)-(A2) (more 
generally, (Al) and (A2-F) sufhces). 

Definition 2.7. The form (£", T) satisfies the volume doubling property on Y 
if there exists a constant Dy G (0, oo) such that for every ball B{x, 2r) C Y , 

V(x,2r) < D Y V(x,r), (VD) 

where V(x,r) = fi(B(x,r)) denotes the volume of B{x,r). 

Definition 2.8. The form {£ a ,T) satisfies the weak Poincare inequality on Y 
if there exists a constant Py G (0,oo) such that for any ball B{x,2r) C Y , 

V/G £>(£), / \f~fB\ 2 dfi<Pyr 2 f dT(fJ), (PI) 

J B(x,r) JB(x,2r) 

where f B = vJJT) $B(x,r) is the mean °f f over B {x,r). 

If Y = X, the properties introduced in these definitions have a very global 
nature as they hold uniformly at all scales and locations. It is natural to intro- 
duce a more local version of these properties. 

Definition 2.9. The form (£", !F) satisfies the volume doubling property and the 
weak Poincare inequality locally on Y if for all x G Y there is a neighborhood 
Y(x) of x so that the volume doubling property and the Poincare inequality hold 
in Y{x). 

The form (£% J-) satisfies the volume doubling property and the weak Poincare 
inequality up to scale R in Y if the volume doubling property and the Poincare 
inequality hold in B(x,2R) with constants independent of x, for all x G Y . 

Example 2.10. Let {M,g) be a complete Riemannian manifold and Y an open 
subset of M . Equipped M with its Riemannian measure and the Dirichlet form 
£ s (/i,/2) = J M <?(V/i, V/a)<i/i with its natural domain J- (the first Sobolev 
space on M ). In this case, the intrinsic distance on M equals the Riemannian 
distance. 
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• The volume doubling property and the Poincare inequality hold locally on 
on Y . 

• If Ric > —Kg on the 2R-neighborhood of Y for some fixed k > and 
R > then the volume doubling property and the Poincare inequality hold 
up to scale RonY. 

• If Ric > on Y then the volume doubling property and the Poincare 
inequality hold on Y . 

Example 2.11. Let G be a unimodular Lie group equipped with its Haar mea- 
sure and with a family {X\, . . . , Xk} of left invariant vector fields that, viewed 
as elements of the Lie algebra, generates the Lie algebra of G (this condi- 
tion is often called the Hormander condition). Consider the Dirichlet form 
£ s (/i,/2) = J G ^2iXifiXif2d[i with its natural domain T, the space of func- 
tions in L 2 (G,fi) such that, for each i, the distribution Xif can be represented 
by an element of L (G, (i). In this case, the intrinsic distance is equal to the 
associated sub-Riemannian distance. 

• The volume doubling property and the Poincare inequality hold up to scale 
R on G for any fixed R > . 

• If G has polynomial volume growth (i.e., 3A,Vr > 0, V(e,r) < Cr A ) 
then the volume doubling property and the Poincare inequality hold on G. 

See, e.g., [20, Section 5.6] and \29f . 

2.4 Carre du champ and Lipschitz functions 

Theorem 2.12. Suppose the model form (E 5 ,! 7 ) satisfies (A1)-(A2), and the 
volume doubling property holds locally on X . Then for any Lipschitz function f 
with Lipschitz constant Cl, the energy measure dT(f, f) is absolutely continuous 
with respect to d^x and the Radon-Nikodym derivative T(/, /) = dT(f, f)/d/i 
satisfies 

?(fJ)<C 2 L 

almost everywhere. 

Proof. See [H Theorem 2.1, Remark 2.1(h)]. □ 
The next corollary is used to prove Proposition 16.71 and Lemma 16.101 

Corollary 2.13. Let Q be a domain in X. Suppose the model form (E J 7 ) sat- 
isfies (Al)-(A2-f2), and the volume doubling property holds locally on £1. Then 
any function f on il which is Lipschitz with respect to dn with Lipschitz constant 
Cl is in J- loc (Q) and satisfies 

Cl > sup VWJ)- 

n 

Proof. Follows from Theorem 12.121 and a simple adaption of the arguments in 
HOI Corollary 3.6], [3D] or Corollary 2.22]. □ 
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3 Inner uniformity 



Let X, n,£" ,T \d be as above and assume that (A1)-(A2) are satisfied so that 
(A, d) is a complete metric space. 

3.1 Inner uniform domains 

Definition 3.1. Fix c G (0,1), C G (l,oo). Let CI be a domain in X. Let 
7 : [a, j3] — > CI be a rectifiable curve in CI. We say that 7 is a (c, C) -uniform 
curve in CI if the following two conditions are satisfied: 

(1) Vt€[a,p], fa(7(*)) >cmin{47(a), 7 (i)),d(7(*),7(/3))} 

(«) length( 7 ) <Cd( 7 («),7(/5)). 

XTie domain CI is called (c, C) -uniform i/ any iwo points in CI can 6e joined by 
a (c,C)-uniform curve in CI. 

Definition 3.2. Fis c e (0,1), Cg(1,oo). 

fjj Let 7 : [a,/3] — > Q be a rectifiable curve in f2. We say that 7 is a (c, C)- 
inner uniform curve in f2 i/ its is (c, C) -uniform in Q, in (CI, da). 

(ii) We say that the domain CI is inner uniform if CI is uniform in (CI, da). 

Remark 3.3. The notions of (c, C)-length-uniformity and inner- (c, C)-length- 
uniformity are defined analogously by replacing d( r y(s), 7ft)) by length^!, ,) 

I [s.t\ 

in condition (i). The argument used in [THl Lemma 2.7] and O Proposition 3.3] 
show that if 7 is a (c-C)-uniform curve in CI joining x and y of length at most 
R and if the doubling property holds in B(x, 2R) then there is a (c', C")-length 
uniform curve joining x and y in CI. For our purpose, this means that uniformity 
(resp. inner uniformity) and length-uniformity (resp. inner-length-uniformity) 
are equivalent notions. 

Lemma 3.4. Let CI be a (c u ,C u )-inner uniform domain in (X,d). For every 
ball B = Bp.(x,r) in (CI, do) with minimal radius, there exists a point x r G B 
with dfi(x, x r ) = r/4 and d(x r , CI \ CI) > c u r/8. 

Proof. This is immediate, see [HI Lemma 3.20]. □ 

Proving that a domain CI is inner uniform is a difficult task. In fact, we 
lack a general method of constructing inner uniform domains in, say, complete 
metric length spaces. On the other hand, many domains in Euclidean space are 
inner uniform. 

Example 3.5. In Euclidean space, any bounded convex domain is uniform. In 
addition, if CI is convex and B(x, aR) c!lc B(x, AR) then the uniformity con- 
stants c u ,C u depend only on a, A. Any bounded domain with piecewise smooth 
boundary with a finite number of singularities and non-zero interior angle at 
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each of the singularities is inner uniform. The open unit ball in R™, n > 2, with 
the trace of the half-hyperplane {x : x n — 0, x n ~i < 0} deleted is inner uniform. 
The interior and exterior of the Koch snowflake are inner uniform domains ( in 
fact, uniform). The exterior of any convex set is inner uniform. 

Example 3.6. Let G = R 3 be the Heisenberg group with law 

9i92 = (xi + x 2 ,yi + y 2 ,z\ + z 2 + {l/2)(x 1 y 2 - x 2 yi)), 9i = (xi,yi,Zi). 

Let X and Y be the left invariant vector fields on G with X(0) = d x , Y(0) = d y . 
Let £(f, f) = J G (\X f\ 2 + \Y f\ 2 )d^L where \jl denotes the Haar measure on G and 
the domain of £ is the closure of smooth compactly functions for the norm 
(/(l/| 2 + l^"/| 2 + l^/l 2 )^/ 1 ) 1 ^ 2 - Let d be the corresponding intrinsic distance. 
Examples of uniform domains include any coordinate half-space through the ori- 
gin, the coordinate unit cube in R 3 and any metric ball B(x,r) in (G,d). See 
[5]/ and J1C f or further pointers to the literature. 

3.2 Local inner uniformity 

In [14) , the authors derived a scale invariant boundary Harnack principle under 
a local version of inner uniformity which we now recall. 

Definition 3.7. Fix c u G (0,1), C u G (1, oo) and a domain ft. For a point 
£ eft, let R(fl,£) e [0,oo] be the largest R > so that 

(i) AQR/c u < diamsi(ft) (this is a non-trivial condition only when £1 is a 
bounded domain), 

(ii) Any two points in B^(^,20R/c u ) can be connected by a curve that is 
(c M , C u ) -inner uniform in ft. 

Remark 3.8. It easily follows from Definition ^ . 7l that if £ is such that i?(ft, £) > 
then there exists r] > such that 

dntt.O < R(^0 => > vR(^0- 

Consider non-empty domains W C ft C X. Let W$ be the largest open set 
in (ft, do) whose intersection with ft is W. 

Remark 3.9. Any inner ball in (W, dw) that lies in is also an inner ball 
in (ft, <in)- However, the metrics dw and da do not necessarily coincide. 

Definition 3.10. Fix non-empty domains W C ft C X . 

(i) We say that ft is locally inner uniform near W if for any point £ G W" 
we have i?(ft,£) > . 

(ii) We say that ft is locally inner uniform up to scale R > near W if for 
any point £ G W\ we have i?(ft,£) > R. 
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Remark 3.11. (i) From these definitions, it follows easily that if f2 is (c u , C u )- 
inner uniform then i?(Sl,£) ~ diamn(fi) for each ( £ !1, The constants 
implicitly contained in the notation ~ depend only on c u , C u . 

(ii) By Remark 13 . 81 if f2 is locally inner uniform near W and £ € W", then 
there exists R$ such that is locally inner uniform up to scale R^ near 
Bn(£,R ( ). 

(hi) Assume that is locally (c u , C u )- inner uniform up to scale i? near W. 
Then for any point £ G W* and r € (0, i?) there exists a point £ r € £1 
such that dn(£,£r) = r/4 and d(£ r ,f2 \ fi) > c u r/8. See Lemma EH] and 
Lemma 3.20]. 

(iv) In R n , any domain with smooth boundary is locally inner uniform. Many 
such domains (e.g., an unbounded "turnip" domain) are not locally inner 
uniform up to scale R. 

4 Adapted forms 

In this section, we introduce a large class of real bilinear forms on L 2 (X, d/Lt) 
that all share a common domain J-, the domain of our model form £ a . Further, 
these forms are of the type £" + lower order terms. Our goal is to pick one of 
these forms, £ , and to study the Dirichlet heat kernel (and Dirichlet semigroup) 
associated to £ in a domain U under the hypothesis that U is inner uniform or, 
more generally, locally inner uniform. 

4.1 First and zero order parts 

Given a bilinear form £ , we set 

£^{f,g) = \{£{f,g) + £(g,f)) and £^(f,g) = \{£{f,g) - £{g, /)). 

These are, respectively, the symmetric and skew part of £. For f,g G T a f~l 
L°°(X,fx), we also set 

C(J,9) = \ (£^(fg,l)+£ s ^(f,g)) and K(f,g) = -C(gJ). 
Obviously, 

£^(f,g)=£(f,g)+K(f,g). 
We recall the following definition taken from [T3] . 

Definition 4.1. Assuming £ is local with D(£) = J 7 , we say that £ skcw is a first 
order skew form relative to J- if the following two properties hold: 

• For any u, v, f € J- l~l C C (X), we have 

£(uf, v) = C{u, fv) + C(f, uv). 
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• Let v,ui,u 2 , ...,u m G JnC c (X) and u = (m, . . .,u m ). If $ e C 2 (R m ), 
then ®(u),$ Xi (u) G J* loc (X) n L™(X,n) and 

m 

£($(u),B)=^£(« jl $ I| («)»). 
»=i 

Definition 4.2. VFe say £/ia£ i/ie /orm (£,£)(£)) is adapted to (£ s , F) if £ is 
local, its domain D{£) is T and: 

(i) The form £ satisfies 

Vf,geF, \£(f,g)\<C\\f\\ r \\g\\ r , 

and, for all f,g e T with fg&J 7 c , 

\£(fg,l)\ + \£(l,fg)\<C\\f\\r\\g\\r. 

(ii) The symmetric bilinear form £ sym (/, g) — £ sym (/g, 1), extended by conti- 
nuity to J ' , is equal to the model form £ s . 

(Hi) The skew part £ skew is of first order with respect to J ' . 

Definition 4.3. A bilinear symmetric form Z is said to be a zero order form 
adapted to T if it is defined on T and satisfies 

Z(f,g) = Z{fg,l),f,ger,fgeF e , 

and 

\z{f, 9 )\<c\\f\\Ag\W. 

Since (£%J 7 ) is fixed throughout, we will simply say that (£, D(£)) is an 
adapted Dirichlet form and that Z is an adapted symmetric zero order form. 
Note that if £ is an adapted form then its symmetric zero order part Zg(f,g) = 
£ sym (/g, 1) is a zero order form adapted to J ' . Further, £ = £" + £ skew + Z £ . 

4.2 Quantitative assumptions on the forms 

We now introduce the fundamental quantitative assumptions on the bilinear 
forms for which we will study weak solutions of the heat equation with Dirichlet 
boundary condition. 

Assumption A. The form (£,£)(£)) is a bilinear form on L 2 (X,fi) which is 
adapted to the model form (£ s , F). Let Co = Cb(£) be the constant in the sector 
condition |£ skew (/, g)\ < Co\\f\\r\\g\\r- Assume further that: 

(i) There are constants C2{£) 1 C^{£) € [0,oo) so that for all f £ T with 

1 1 

|£ sym (/M)| <2^jfd^ 2 (c 2 (£) I dT(f,f) + C 3 (£) Jfd^ 2 (1) 
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(ii) There is a constant C§(£) £ [0,oo) such that for all f G J- ', g G T c n 
L°°(X), 

Set 

C 8 (£) :=C 2 (£)+C 3 (£)+C 5 (£). 
Remark 4.4. Under Assumption A the form is closed and satisfies 

V/6.F, f (/,/)> -a||/|||, 

with a depending only on C2(£),Cs(£). In particular, the form (£,F) induces 
a continuous semigroup of bounded operators P t on L 2 (X, fx). We let (L, D(L)) 
denote the inhnitcsimal generator of this semigroup. By the results of [15], it is 
immediate that H t is positivity preserving. 

Remark 4.5. For the purpose of this work, it is essential to compare Assump- 
tion A to Assumptions 0-1-2 of [13] . 

(i) It is plain that any form £ satisfying Assumption A also satisfy Assump- 
tions 0-1-2 of [T3] with respect to the model form (f^J 7 ). Regarding 
Assumption 2 of [13], see [131 Remark 1.15(iv)]. 

(ii) Given a model form (£% J 7 ), forms satisfying Assumption A are less gen- 
eral than the forms allowed by Assumptions 0-1-2 of [TJ]. To understand 
this, compare Assumption A(ii) with [131 Assumption l(iii)] and note that 
Assumption A(ii) is the same as [T3J Assumption l(iii)] with C4 = 0. 

Remark 4.6. On Euclidean space, fix measurable bounded functions aij, bi, 
di, c, set T = D{£) = W 1 (M n ) and 

£(f>9) = J ^2 a hj9ifdjgdx + J bjdif gdx+ J ^fd l d l gdx + J cfgdx. 

i,j—l i—1 i—1 

Set a,i j := (ajj- + a,j t i)/2 and a^j — (a^j — aj t i)/2. Then the symmetric part of 
£ is 



£ aym (/,<?) 



while the skew-symmetric part of £ is 



/to F ' ~\~ d 

aijdifdjgdx + / ^ ' 2 gdx 

i,j = l i=l 



f f b d 

£**° w (f,g) = Yl a i , j d i fd j gdx+ / ^ ' * difgdx 

i,j=l i=l 
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+ / J2f hl ^ dl d l gdx. 

i=l 

The symmetric part £ aym can be decomposed into its strictly local part 

£ s (f,g)= E J o>i,jdifdjgdx 
and its symmetric zero order part given by 

£ Bym (/5,l) = Jj2 b - 1 ^d l (fg)d X + J cfgdx. 
Assume that (dij) is uniformly elliptic and set 

/n 
E dijdjdjgdx, f,g € T. 

i,3'=l 

On the one hand, under these hypotheses, the form £ satisfies [13l Assumptions 
0-1-2] . On the other hand, making the hypothesis that £ is an adapted form with 
respect to (£ a ,J-) implies that the matrix ((Zij) is symmetric, i.e., {a% j) = (dij). 

Further, under these circumstances, the constants C2(£), C§(£) can be taken 
to be equal to if hi = <i, = for alH (i.e., if there is no drift term). The constant 
Cs(£) can be taken equal to if 6, = = c = 0. 

We will need the following simple Caccioppoli-type lemma. The proof is 
omitted. 

Lemma 4.7. Let {£,F) be a form satisfying Assumption A. Let u € F lac and 
i/> G J- c H L°°{X, ff). For any k\ > ; we have 

-£ a (u, ui/> 2 ) < 4fei J u 2 dT(^, ip) - fl - i-^ y ^ 2 dr(u, it). 

Moreover, for any fci,A;2,fc3 > 0, 

-£(w,W> 2 ) < (4fci + 2fc 2 C 2 + fc 3 ) / w 2 dr(^,^) 



+ ( -1 + ^ + 2A: 2 C , 2j y *jj 2 dr(u,u) 

y 2 + fec 3 + ^ y u 2 v 2 ^ 



4.3 Local weak solutions 

Consider an adapted form (£, F). Let V be an open set. Recall that 

T{V) = {u e TxaJY) : / \u\ 2 dfi+ I dT(u,u) <oo}. 
Jv Jv 
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Definition 4.8. Let V be open and f £ ^(V)' , the dual space of J r c {V) (identify 
L 2 (X,/i) with its dual space using the scalar product). A function u : V — > R is 
a local weak solution of the Laplace equation —Lu = f in V, if 

(i) u £ jun 

(ii) For any function <f> £ F C {V), £{u,4>) = J f4>d/i. 

For a time interval L and a Hilbert space H, let L 2 (I — »■ H) be the Hilbcrt 
space of those functions v : L — > H such that 

1/2 



\v\\l*(i^h) = (^J \\v(t)\\ 2 H d?j < oo. 



Let W' 1 (/ -> H) C L 2 (I -> i?) be the Hilbert space of those functions v : L -> 
in L 2 (J -4- i?) whose distributional time derivative i/ can be represented by 
functions in L 2 (L — » iJ), equipped with the norm 

\\V\\ WHI ^H)= (l\\v(t)\\ 2 H + \\v'(t)\\Hdt^ 1 <CO. 

Let 

T(I xX) = L 2 (I 4 7)0^/4 J 7 '), 
where J 7 ' denotes the dual space of J 7 . Let 

•Fio. (J x V) 

be the set of all functions u : I x V — > K such that for any open interval J that 
is relatively compact in /, and any open subset A relatively compact in V, there 
exists a function u" e .F(J x X) such that u" = it a.e. in J x A. Let 

J" c (7 x V) = {u e J"ioc(-^ x V") : u(t, •) has compact support in V for a.c. i e /}. 

Definition 4.9. Let I be an open interval and V an open set in X. Set Q = 

L x V. A function u : Q — > WL is a local weak solution of the heat equation 
J^u — Lu in Q, if 

(i) u£ Fi oc {Q), 

(ii) For any open interval J relatively compact in L, 

V^eJ c (g), J J ^u<t>dfidt + J £(u(t,-),<f>(t,-))dt = 0. (3) 



Remark 4.10. Assuming that the intrinsic distance satisfies (A1)-(A2), an 

dt' 

(i) u £ L 2 (L^D{£)) 1 



equivalent definition of a local weak solution of -jLu — Lu on Q = L x V is 
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(ii) For any open interval J relatively compact in /, 

-J J ^4>udfidt + J S(u(t,'),<f>(t,'))dt = 0, 

for all 4> G F(Q) with compact support in J x V. 

See [3]. The argument uses the existence of good cut-off functions provided 
(A1)-(A2). 

4.4 Local weak solutions with Dirichlet boundary condi- 
tion along dU 

To define weak solutions with Dirichlet boundary condition, we use Definition 
I2.4l where the space J^ 00 (U, V) is introduced. 

Definition 4.11. Let V,U be open with V C U. A function u : V — >• M. is 
a local weak solution of the Laplace equation —Lu = f in V with Dirichlet 
boundary condition along dU if 

(i) u is a local weak solution of —Lu = f in V and 
(ii) u G JZJV,V). 

Next we fix an open interval / and an open set V in a domain U in X and 
define the notion of a local weak solution in L x V with Dirichlet boundary 
condition along the boundary of U. Recall that F°{U) is the closure of F C (U) 
for the norm (f v \f\ 2 d^ + J v dT(f, J)) 1 / 2 . Define 

xu) = l 2 (i -> j" o (c/)) n w\i -> (?°(y)y). 

For Q = I x V, define Jf oc (U, Q) to be the set of all functions v : Q —> R such 
that, for any open interval J G I relatively compact in / and any open subset 
W C V relatively compact in U with du{W, U \ V) > 0, there exists a function 
u" in J 70 (I x U) such that u" = u a.e. in /' x W. 

Definition 4.12. Lef / &e an open interval and V an open set in X. Set 
Q = I x V . FFe say t/iat a function u : Q — » K is a local weak solution o/ £/ie 
/ieai equation — Lu in Q with Dirichlet boundary condition along dU if 

(i) u is a local weak solution of the heat equation in Q and 

(a) ue-F° c (u,Q)- 
5 Harnack inequalities 

Harnack inequalities play an essential and central role in the results obtained in 
this paper. The next two subsections discuss interior Harnack inequalities and 
boundary Harnack inequalities, respectively. 

In this section, we consider a fixed subset Y of X. We assume that the 
model form (£", F), defined in Section^ satisfies (A1)-(A2-F). 
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5.1 Interior Harnack inequalities 

For any s € R, r > 0, S € (0, 1) and 2r) C Y, define 



J = (s — rr 2 , s) 
S = B(x,r) 
Q = /xB 

Q_ = (s - (3 + S)Tr 2 /4, s - (3 - (5)rr 2 /4) x 55 
Q+ = (s - (1 + 5)rr 2 /4, s) x 



Definition 5.1. Let (£,J~) be an adapted form. 

• We say that (£,J~) satisfies the parabolic Harnack inequality on Y if for 
any r > 0, <5 € (0, 1), there exists a constant Hy{t,8) € (0, oo) such that, 
for any ball B{x, 2r) C Y , any s£l, and any positive local weak solution 
u of the heat equation -S^u — Lu in Q, the following inequality holds. 



Here both the supremum and the infimum are essential, i.e., computed up 
to sets of measure zero. 

• We say that the parabolic Harnack inequality holds locally in Y if for each 
y G Y there is a neighborhood VofyinY such that (PHI) holds inV (in 
this case, the constant Hy may indeed depend onV). 

• We say that the parabolic Harnack inequality holds up to scale R in Y 
there is a constant Hy(R) such that (PHI) holds in any ball B{y 1 2R), 
y G Y , with constant Hs( y ,2R) bounded above by Hy(R) ■ 

The parabolic Harnack inequality implies the elliptic Harnack inequality, 



where u is any positive function in J r i oc (Q) with Lu = weakly in B(x,2r). 
Recall also that (PHI) implies the Holder continuity of local weak solutions. 

The following theorem gathers fundamental known results regarding the 
parabolic Harnack inequality. 

Theorem 5.2. Let X,Y,£ s ,F,d,ii be as in Section O Let (£,J-) be a form 
satisfying Assumption A. 

(i) The symmetric strictly local regular Dirichlet form (£% J 7 ) satisfies (PHI) 
on Y if and only if it satisfies the volume doubling property and the 
Poincare inequality on Y . 

(ii) The symmetric strictly local regular Dirichlet form (£% J 7 ) satisfies (PHI) 
locally (resp. up to scale R) on Y if and only if it satisfies the volume 
doubling property and the Poincare inequality locally (resp. up to scale R) 
on Y . 



sup u(z) < Hy inf u(z) 
z£Q- Z ^Q+ 



(PHI) 



sup u(z) < H' Y inf u(z), 

z£B(x,r) z£B(x,r) 



(EHI) 
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(Hi) If the model form (£ S ,.F) satisfies (PHI) locally in Y then the form {£ , J 7 ) 
satisfies (PHI) locally in Y. 

(iv) If the model form (£ B , J-) satisfies (PHI) locally up to scale R < oo in 
Y with constant H(£',R) then (£,.F) satisfies (PHI) up to scale R < oo 
in Y with constant H(£,R) depending only on H(£ S ,R), the constants 
Cx(£)-Cs(£) and an upper bound on Cg,(£)R 2 . 

Remark 5.3. The first two statements of this theorem are the Dirichlet form 
version of the characterization of the parabolic Harnack inequality by volume 
doubling and Poincare inequality. See [SJ [H [23 [Ml US] ■ 

Statements (iii)-(iv) are variations on the key fact that the parabolic Harnack 
inequality for the model form (£ % F) implies (PHI) for a wide variety of other 
forms in the spirit of the original work of Nash, Moser and Aronson and Serrin. 
The proof is contained in [TBJ [Ml HE] ■ In particular, (iii)-(iv) are special cases of 
[TBI Theorem 2.13] which covers a wider class of forms, namely, forms satisfying 
[TBI Assumptions 0-1-2]. 



5.2 Boundary Harnack principle 

Let (£,J-) be an adapted form satisfying Assumption A. Let U be a domain 
in X . The boundary Harnack principle is concerned with positive local weak 
solutions of Lu — with Dirichlet boundary condition along dU and their 
behavior near the boundary. 

We will use a strong version of the boundary Harnack principle which we 
refer to as the geometric boundary Harnack principle. 

Definition 5.4. Let X, £', J 7 , d, /i be as in Section[2j Let W C U be non-empty 
domains in X. Let {£,J~) be a form satisfying Assumption A. Referring to local 
weak solutions of Lu = with Dirichlet boundary condition along dU where L 
is the generator associated to {£,!F), we say that: 

(i) the geometric boundary Harnack principle holds on U , if there exist con- 
stants (20,^0,^! 6 (0, oo), depending only on U, with the following prop- 
erty. Let £ G U \U and r e (0, do diam;y ([/)). Then for any two positive 
weak solutions u and v of Lu = in Bjj{S,, A$r) with Dirichlet boundary 
condition along dU , we have 

u(x) . v(x) , , , „ . _ . 

u(x ) V(X ) 

(ii) the geometric boundary Harnack principle holds locally near W if, for 
every compact set K C \ W, there exist A (K),Ai(K) and R{K) > 
such that for any £ €E K , r £ (0, R(K)) and any two positive weak solutions 
u and v of Lu — in Bu(!~,Aa(K)r) with Dirichlet boundary condition 
along dU , we have 

u(x) , . v(x) 
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(Hi) the geometric boundary Harnack principle holds up to scale R near W if 
we can take Aq(K) — Aq, A\(K) = A\ and R{K) = R in the previous 
statement. 

The following theorem follows immediately from the main result of |14) . 

Theorem 5.5. Fix R > 0. Let X, £ s , T, d, /x be as in Section [21 Let (£ , F) be 

a form satisfying Assumption A. Let W C U be domains in X . Assume further 
that: 

(i) {SjJ 7 ) is a Dirichlet form. 

(ii) The volume doubling property and the Poincare inequality hold up to scale 
R mW. 

(Hi) The domain U is locally (c u ,C u )-inner uniform up to scale R near W. 

Then there exist constants oq £ (0, 1), A( h Ai £ (l,oo) such that for any £ £ 
\ W , < r < oqR, and any two non-negative local weak solutions u, v of 
Lu = in Bu(£, Aqt) with weak Dirichlet boundary condition along dU, we 
have 

u{x) < A v{x) 
u(x') ~ v(x') ' 

for all x,x' £ Bu(^,r). 

The constants ao,Ao depend only on the local inner uniformity constants 
c u ,C u near W. The constant A\ depends only on the inner uniformity con- 
stants c u ,C u , an upper bound on the volume doubling constant and the Poincare 
inequality constants up to scale R on W , the constants Co(£)-C5(£) from As- 
sumption A which give control over the skew- symmetric part and the killing part 
of the Dirichlet form £ and an upper bound on Cs(£)R 2 , 

The following theorem is a direct consequence of Theorem 1 5 . 5 1 and the various 
definitions. 

Theorem 5.6. Let X, £% J 7 , d, /i be as in Section[5J Let (£ , J 7 ) be a form satis- 
fying Assumption A. Assume further that (£ , J 7 ) is a Dirichlet form. Let U be 
a domain in X . 

(i) Fix a domain W C U , and assume that U is locally inner uniform near W . 
Assume also that the volume doubling property and the Poincare inequality 
hold locally in W . Then the geometric boundary Harnack principle holds 
locally in U near W . 

(ii) Fix R £ (0, oo] and a domain W dU. Assume that U is locally (c u ,C u )- 
inner uniform up to scale R near W and that the volume doubling property 
and Poincare inequality hold up to scale RinW. Then there exists ao > 
such that the geometric boundary Harnack principle holds locally up to 
scale r near W for all r < OqR with C$(£)r 2 < oo. 

(Hi) Assume that U is inner uniform and that the volume doubling property 
and Poincare inequality hold in X . Assume further that £ — £ a . Then the 
the geometric boundary Harnack principle holds true in U . 
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5.3 Harmonic profiles 

The main idea developed in [S] in the context of strictly local symmetric Dirichlet 
forms is that the Dirichlet heat kernel in a domain U can be estimated in terms 
of the harmonic profile hjj. In this section we recall (and extend) the notion of 
harmonic profiles and gather some of their key properties. 

Definition 5.7. For an open subset U C X and under Assumption A, consider 
the bilinear form £® 

£$(f,g) = £(f,g), f,ge7°(U), 

where the domain D{£jj) = J-°(U) is the closure of the space J- C (U) in the norm 
(£'(/,/) + II/II2)*. 

Under Assumption A, the form (£$ , D(£®)) is closed, bounded below, local 
and regular. 

Definition 5.8. Let X, £", T, d, fi be as in Section [5J Let (£,J-) be a form 
satisfying Assumption A and £(f, f) > for all f G J 7 . Let U be a domain in 
X . A function h G Lf ac (U) is called an ^-harmonic profile in U if it satisfies 
the following properties: 

(i) h is a weak solution of Lu — in U; 

(it) h G 7t(E/); 

(Hi) h > in U . 

Fix a domain W C U . We say that a function h in is a (U, W / )-profile for £ if 
h is defined in W and 

(i) h is a weak solution of Lu = in W ; 

(ii) hu€JtMW); 

(Hi) hjj > in W. 

Proposition 5.9. Let X, £", J 7 , d, fi be as in Section [21 Let (f,^ 7 ) be a form 
satisfying Assumption A and which is a Dirichlet form. Fix domains W C U . 
Assume that the volume doubling property and Poincare inequality hold locally 
on U . 

(i) Assume that U is unbounded and inner uniform near W. Then there 
exists a function h which is a local weak solution of Lh = in U and is a 
(U,W)-profile. 

(ii) Lf U is unbounded and locally inner uniform it admits a harmonic profile 
hu- 

(Hi) Lf U is bounded, inner uniform, xq G U , and W C U \ Bjj{xq, e) then the 
Green function h(x) = Gu(x,xq) is a (U,W) -profile. 
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Proof. Note that Gjj denotes the Green function in U with Dirichlet bound- 
ary condition, i.e., the Green function for the form {£® ,D{£^)). The third 
statement follows immediately from [H Lemma 3.9]. See also [HI Lemma 4.7] 
and [131 Lemma 3.10]. Note that this result is not correct as stated for forms 
satisfying Assumption A but that are not Dirichlet forms. 

The idea of the proof of (i)-(ii) is to construct the profile h has a limit of 
normalized Green functions. The details follow the same line of reasoning as in 
[21 Theorem 4.16] with simple adaptations using Assumption A to take care of 
the fact that the form £ is not symmetric. □ 

Proposition 5.10. Let X,£ s , J 7 ,d, fj, be as in Section^ Let (£,J-) be a form 
satisfying Assumption A and which is a Dirichlet form. Fix R > 0. Let W C U 
be domains in X . Assume that the volume doubling property and the Poincare 
inequality hold locally up to scale RonW and that U is locally inner uniform up 
to scale R near W. Let h be a (U,W)-profile. Then there are constants Ko 7 K\ 
such that for any inner ball Bjj{x, r) with < K$r < R, Bjj(x, K$r) C , we 



where x r is any point with djj(x,x r ) = r/A and d{x r ,X \ W) > c u r/8. The 
constants K$ depend only on the local inner uniformity constants c u ,C u . The 
constant K\ depends only on c ul C u ,the doubling and Poincare constants up to 
scale R in W , the constants C0-C5 which give control over the skew- symmetric 
part and the killing part of the Dirichlet form £ and an upper bound on C%R 2 . 

Proof. Compare the ratios for h and an appropriately chosen Green function. 
The result follows as an immediate corollary of Theorem 15.51 and the Green 
function estimates obtained in [T3J Lemmas 3.11-3.12]. See also [HI Theorem 



The next two propositions are straightforward applications of Proposition 
15.101 The proofs follow the same line of reasoning as in [9, Theorem 4.17] and 
are omitted. 

Proposition 5.11 (Unbounded domains). Let X,£* , J 7 ,d, fx be as in Section[2l 

Let ^jJ 7 ) be a form satisfying Assumption A and which is a Dirichlet form. 
Fix an unbounded domain U in X and let h be a £ harmonic profile for U . 

(i) Assume U is locally inner uniform and that the volume doubling property 
and the Poincare inequality hold locally in a neighborhood Y of U in X . 
Then for any compact K C U there exist rx,eK > and Ck such that 
for any x £ K , r £ (0, rx), we have 



where x r £ Bu{x,r) is any point with du{x,x r ) — r/A and d(x r ,dll) > 
exT. Further 



have 



Vy£Bu(x,r), h(y) < K x h{x r ) 



4.171. 



□ 



Vy G Bu(x, r), h(y) < C K h{x r ) 
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(ii) Fix R > and assume U is locally (c u ,C u )-inner uniform up to scale R 
and that the volume doubling property and the Poincare inequality hold 
up to scale R in U. Then there exists ao,Ai G (0, oo) such that for any 
x G U , r G (0,aoR), we have 



where x r € E>u(x,r) is any point with du(x,x r ) — r/4 and d(x ri dU) > 
c u r/8. Further 



The constant ao depends only on (c u ,C u ). The constant A\ depends only 
on c u ,C u , the volume doubling and Poincare constant up to scale R in U, 
the constants Co -C5 which give control over the skew- symmetric part and 
the killing part of the Dirichlet form £ and an upper bound on CgR 2 . 

Proposition 5.12 (Bounded domains). Let X, £ % F, d, /1 be as in Section [3J 
Let (£ ,F) be a form satisfying Assumption A and which is a Dirichlet form. 
Fix a bounded domain U in X . Fix R G (0, ^diamj/) and assume U is locally 
(c u , C u ) -inner uniform at scale R and that the volume doubling property and the 
Poincare inequality hold up to scale R in U. Then there exist Ao,A\ such that 



for any £ G U \ U and any (U, Bu(^ R)) -profile h, we have, for all x,r such 
that Bu(x, A r) C B v (£, R), 



where x r G Bu{x,r) is any point with du(x,x r ) = r/4 and d(x r ,dll) > c u r/8. 
Further 



The constant Aq depends only c Ul C u . The constant A\ depends only on c u , C u , 
the volume doubling and Poincare constant up to scale R in U , the constants 
C0-C5 which give control over the skew- symmetric part and the killing part of 
the Dirichlet form £ and an upper bound on C$R 2 ■ 

6 The /i-transform technique 

Throughout this section, we let X, £ % J 7 , d, pi be as in Section [2] and fix a form 
(£, J-) satisfying Assumption A. We also fix a domain U in X. In addition, we 
fix a subdomain W of U. Recall that W" is the largest open set in U whose 
intersection with U is W. 

Remark 6.1. Any inner ball in (W, dw) that lies in W" is also an inner ball in 
(U,djj)- However, the metrics dw and djj do not necessarily coincide on W". 

We assume the model form (£", F) satisfies (A1)-(A2-W^), and that the vol- 
ume doubling property and the Poincare inequality hold locally on If in X. 



Vy G Bu(x,r), h{y) < Axh{x r ) 




Vy^Bu(x,r), h(y)<A 1 h(x r ) 
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6.1 Some structural properties of /i-transforms 

Definition 6.2. Leth be positive continuous onW. Let H : f e L 2 (W, h 2 d/j.) — > 



L 2 (W,d^), f^Hf = hf. Let {£% > w , D(£° ' W )) be the form 

tf' W U,9) = £{Hf,Hg), f,g G H~\^(W)) = D{£°> w ). 



Remark 6.3. Dropping the reference to the Dirichlet condition and W an 
writing £h = £^' W , observe that: 

(i) We have 



£;r(f,g) = £ sym (hf, h 9 ), ef*(f, g ) = e*~(hf, h g ). 

Further, for f,g G F C {W) n C(W), 



Note that £" h must be understood as being the symmetric strictly local part 
of £h which, in general, is not the same as the ft transform (£ s )h of £ s . The 
two are the same exactly when £ B (hfg, ft,) = for any f,g G J r c (W)nC(W). 
This is the case when ft, is a (U, WQ-profile for £ 5 . 

(ii) Recall that C h {f,g) = \{£f""{fg, 1) + £f ew (/,#))- Since £ is adapted, C 
satisfies the Leibniz rule C(uf, v) = C(u, fv) + £(/, uv), u,v, f G .F C (W) n 
C(W). Hence, we obtain 



(/,<?) = £(hfg,h)+K(hfg,h) + £(hf,hg) + K(hf,hg) 
= C(hfg, ft) - £(ft, ft/.g) + C(hf, hg) - C(hg, hf) 
= C(f,gh 2 )+C(hg,hf)-C(h,hfg) 

+£(h,hfg) + C(f, h 2 g)-£(hg,hf) 
= 2C(f,h 2 g). 



This shows that Ch satisfies the appropriate Leibniz rule and chain rule 
as in Definition 14.11 

(iii) Under the additional assumption that ft is a (U, W)-piofde for £, we have 



for f,gef c (W)nC(W), 

STifg, 1) = £ sym {hfg, ft) = £«~{K, hfg) = £^(hfg, ft) 

because £(ft, hfg) = under the present condition on ft, /, g. 

(iv) Assume that ft is an £ S -{U, W) profile. Then, for all f,g G T {W) <lC(W), 
we have £ 3 (ft, ft/g) = 0. Hence, in this case, 




£% m (f9, 1) = ^(h, hfg) = £ s ^(h 2 fg, 1). 
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(v) Assume that h E J-" loc is positive and continuous on W and satisfies 
VueFciW), £(/,«) =7 J hudfi 
for some 7 e i. Then, for all /, g e F C (W) f~)C(W), we have 

£r(f9, 1) = ^ sym (^, hfg) = e*"*(hfg, h) + 7 / /<^V 



Definition 6.4. For a /lied ft,, positive and continuous on W , let 

(£ D ' w ' h \D(£ D ' w ' h2 )) 
be the Dirichlet form on L (W,h dfx) obtained by closing 

£ D ' w ' h2 (f,g) = Jh 2 dT(f, g ), f,geF c (W). 

Let J- h = D(£ DWh ) be the domain of this form, that is, the closure of F C (W) 
for the norm 



\j* = ?w =( f \f\ 2 h 2 d^ + f h 2 dT(f, f) 
\Jw Jw 



1/2 



Note that, by definition, (£ D - w - h , J 7 ' 1 ) is a symmetric strictly local regular 
Dirichlet form on W. 

Lemma 6.5. Assume that h is continuous positive on W . Then the set 

H- 1 (^ c (W)nL 00 (W,fj,)) 
is dense in the Hilbert space 

D{£^ W ) = H-\F\W)), \\ff D(£ n, W) = J dT(hf,hf) + J h 2 \f\ 2 d» 



H- 1 (T c {W)r\L°°(W 1 ^)) = T c (W)r\L°°{W lf i) 

= T c (W)nL°°(W,h 2 t i). 

In particular, F C {W) n L°°{W,n)) is also dense in D(£®' W ) = H-^J^tW)). 

Proof. We follow Proposition 5.7]. The set F C {W) n L°°(W,/i) is dense in 
the Hilbert space T°(W). Since H is a unitary operator between the Hilbert 
spaces D{£ h ) and T°{W), it follows that H' 1 {F C {W) f]L°°{W, fi)) is also dense 
in the Hilbert space D(£h). Since h, l/h are both in Ti oc (W) (1 L^ c (W, fi), the 
equality 

H-^T^W) n L°°(W,n)) = F.(W) n L°°{W,fj) 
follows from the fact that Fi oc (W) D Lf^iW, /i) is an algebra. □ 
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Lemma 6.6. Assume that h is a (U,W)-profile for either £ •) or £" . Then 
there exists k £ (0,oo) such that, for f,g £ T C (W) fl L°°(W,n), we have 

ft) J w dT(hf, hf) < C (s D ™# (/, /) + J w \f\Wd») • 

(a) \s^ w (f, f)\<c (e D W (/, /) + f w \f\Wdn) . 

(Hi) (/, f)<C ffi w (f, f) + kj w \f\ 2 h 2 d^) . 

In particular, D(£°< W ) = D(£ D W) = T h . 

Note that F C (W) n L°°(W, y) is dense in the domains of both forms £^' W 
and £ D ' W ' h so that the last statement follows from the first two. 

Proof. To simplify notation, we set £^' W = £h and £ D ' W ' h2 = £ h2 . We give 
the proof when ft is a (U, W r )-profile for £. The case when h is a (J7, W)- 
profile for £ + *y{-, •), 7 ^ or £ 3 are similar. To simplify notation, we drop 
the explicit reference to the Dirichlet condition and the set W. For any / E 
F C {W) n L°°(W, fJ,), Assumption A(i) that 



\£h(f,f)\ = \£r(hf,hf)\ < J dT(hf,hf) + \£ B ^{h 2 f\l)\ 
<C^J h 2 dT(fJ) + J f 2 dT(h,h)+ J h 2 f 2 d^j. 

The constant C depends only on C 2 , C3. Because £(h,hf 2 ) — 0, we get from 
Lemma l4.7l that for any fci, /c 2 , £3 > 0, 

(l - ^ - 2feC 2 ^) y f 2 dT(h, h) < (4fei + 2fc 2 C 2 + fe 3 ) y fc 2 dT(/, /) 

+ (l + * 2 a 3 + |)//^M. 

Hence (with a different C depending only on C 2 , C3, C5), 

IW,/)|<c(f' ,a (/,/) + 1 fc 2 / 3 ^)- 

This proves the first desired inequality. 

To prove the second statement, we use the fact that, for / e ^(W) H 
L°°(W, fi), £(h,hf 2 ) = 0, and Assumption A(ii) to obtain 

£ h \f, f) = £ h {f, f) - £ s ^{h 2 f 2 , l) - E°(h, hf 2 ) 
= £ h (fJ)+£^(h,hf 2 ) 

< £ h {f, f) + hj h 2 dT(f, f) + ^J f 2 h 2 dti, 
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where k^ > is arbitrary. Choosing &4 = 1/2, we get 



□ 



Proposition 6.7. Assume that h is continuous positive on W and belongs to 
T°(U,W). The strictly local Dirichlet form (£ D < w < h2 : D(£ D > w > h2 )) is regular 
on (W$,h 2 dfi) with core Lip c (W", dw)- 

Proof. We follow the proof of [9, Proposition 5.8]. As (£ D > w > h2 , D(£ D ^ h ' 2 )) is 
regular on W, C C (W) n D(£ D ' W ' h2 ) is dense in D(£ D > WJl2 ). So we only need to 
show that C C (W») n D(£ D > w > h ) is dense in C C (W$) in the sup norm. Consider 
a function / £ Lip c (W", dw) with Lipschitz constant k. As Lip c (W", dw) is 
dense in C C (W") in sup norm, it suffices to show that / £ D(£ D ' w,h ). In view 
of Lemma [631 it suffices to show that fh £ T°(W). Since Lip c (W' ,i , dw) C 
Lip(W, dw-)) Corollary [2.131 implies that / e J" loc (W) and 

/) = — illll < £.2 a i mos t everywhere on PF. 

Ct/i 

Since / is bounded, this shows that / £ IF(W). Let F C W be an open set 
containing supp(/) n W and relatively compact in with the property that 
supp(/) C^C WK Applying Lemma OH] with g = h£ T°(W,V), we obtain 
that fh £ J^{W). □ 

Definition 6.8. Assume that h is continuous positive on W and belongs to 
F°(U,W). Recall that 

T h = F w = D{£ D ^ h2 ). 
For an open subset V C W", let 

FL(V) = {f £ Ll c (V, h 2 dfi) : V compact K C V, there exists /" £ T h 
so that f = f*\ K a.e.}. 

Similarly, define T h (V) and F*{V) m terms of (£ D ' W ' h2 , D(£ D < w < h *)) . 
Remark 6.9. (i) By Proposition 16.71 and Lemma 16751 we have 

T w = H-\T°(W))=D(£ h ). 

(ii) It is now plain that the symmetric strictly local regular Dirichlet form 
[£ D ' W h i T w ) is the strictly local part of the symmetric part of the form 
(£ h ,D(£ h )). In particular, for any / £ T*{W*) n C(T0), 

f) = sr(f, i) - ^rx/ 2 . i) = / h2dr (f, f) = £ D ' WJi2 (f, /)■ 
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(iii) The space Lip c (W", du) is contained in Lip c (W^, dw), because for any 
x,y £ W$ it holds du{x,y) < dw(x,y). In fact, both spaces are the same. 
To see this, observe that for any / £ Lip c (W tt , dw) with Lipschitz constant 
Cw and any x,y £ with djj(x,y) strictly less than dw{x,y) we have 

|/(a0 - f(y)\ < C(du(x, dWHU) + d v (y, dW n CO) < Cdu(x, y), 
where 

= max zeW f /(g) 
du(swpp(f),dWr\U)' 

Hence, / is in Lip c (W", du) with Lipschitz constant Cu = max{CV,C}. 

Lemma 6.10. Assume that h is continuous positive on W and belongs to 
•F°(?7, W). The metrics du, dw and d £D Wih 2 coincide on any inner ball B = 
B D (a, r) with B D (a, 3r) C T0 . 

Proof. Clearly, the inner metrics dw and du coincide on the ball B, since B is 
far away from U \ W. We follow the line of reasoning in 9] Proof of Lemma 
3.32] to show that the inner metrics coincide with d £D}Wih 2 . Fix y, z £ B. Then 
the cut-off function 

p y (x) = m&x{dw(y, z) - dw(y,x),0}, 

is a compactly supported Lipschitz function on {W%dw) and p y £ J^JlC') n 
C(W*) by Proposition O Moreover, T(p y ,p y ) < 1 < oo a.e. on W* by Corol- 
lary [233] Thus, 

dw(y, z) = p y (y) - p y {z) < dgn.w.h* (y, z). 

We now show the opposite inequality. Any two points y,z£BP\W can be 
connected by a curve 7 = 7 y , z in W without self-intersections. Let A 7 be an 
open, relatively compact subset of W that contains the curve. By [25l Theorem 
3] (recall that (Al) holds on (X, p, £ D(£ ))), we have 

length(7) = sup{u(y) — u(z) : u £ J" lot .(Ay) n C(A 7 ), dT(u, u) < dp} 

= $up{u(y) - u(z) : u £ -7^ (Ay) n C(A 1 ),h 2 dT(u,u) < h 2 dp} 
> d £DiWih 2 (y,z). 

Hence, dw{y, z) = inf-y £(7) > d £D W h i (y, z) for all y, z £ B n W. To show that 
dw and d e n,w,w* coincide on B, approximate y and z by points in B n W . □ 

Lemma 6.11. Assume that h is a (U,W) -profile for either £ + ■) or £". 
Then the form (£ /,, D{£ h)) satisfies Assumption A on (W" , h 2 dp) with respect 

to {£ D - w - h \F w ). Further: 

(i) If h is a (U,W) -profile for £ a , then the sector condition constant Ca(£h) 
and the constants C2{£h),C^{£h),C^{£h) for the form £h on (W%h 2 dp) 
with respect to (£ D > w > h2 , F w ) are all bounded by 10(1 + C {£) + C &{£)). 
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(ii) If h is a (U,W) -profile for £ + then the sector condition con- 

stant Co(£h) and the constants C^^), Ca^fe), C^{£h) for the form £h 
on (WKh 2 dfi) with respect to (£ D > w > h2 ,T^) are all bounded by 10(1 + 
C (£) + C a (£) + \ 7 \). 



Proof. We only treat the case when h is a (U, W / )-profile for £ (i.e., 7 = 0). 
The other cases are similar. We refer the reader to Remark 16.31 for various 
algebraic computations regarding £h that are relevant to this proof. Let /, g G 
w 1 



T^DC C {W). We have 



£ h (f, g) = £° h (f, g) + £f(f, g) + ^{fg, 1) 

with 

£1 = £ D - W ^ , £t-(f, 9) = S*"(hf, hg) 

and 

Sr(f9, 1) = £ syin (hfg, h) = £° k ™(hfg, h) 

where the last equality follows from the fact that £(h, hfg) = and needs to 
be modified appropriately when h is a profile for a form different from £. See 
Remark l6.3f iiiV(iv) . 

Using the isometry H : L 2 (W, h 2 /j.) —> L 2 (W, fi) and Lemma lrTBl in an obvious 
way, we see that 

\e*~{hf,hg)\ <c\\fy h \\ 9 y h . 

Next, we check that 

\£^(hf g ,h)\<c\\fy h \\ 9 y h . 

By Assumption A(ii), we can find a constant k such that the symmetric bilinear 
form 

(/, g) i y £* k ™(hfg, h) + k( [ fgh 2 dpi + f h 2 dT(f, g) 

\Jw Jw 

is positive definite. Applying the Cauchy-Schwarz inequality and Assumption 
A(ii) yield \£ Bk ™(hfg, h)\ < C\\f\\jrh\\g\\jrh as desired. These computations also 
yield \£ h (fg,l)\ + WJg)\ < C\\f\\j*\\g\\j*. Together with EStii), these 
estimates show that £h is adapted to (£^, F h ). 

Next, we prove that £t satisfies Assumption A(i)-(ii). Assumption A(ii) for 
£ yields 

\£;r(f 2 ^)\ = \£ akew (h,hf)\ 

i i 
<2\J h 2 dT(f,f)Y \C 5 J f 2 h 2 dfi 

This is Assumption A(i) for £/,. Assumption A(ii) for £h follows immediately 
from Assumption A(ii) for £ . The statements about the constants are simple 
bookkeeping. See Remarks 16. 'SV u) and l6.9f ii). □ 
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6.2 Properties of /i-transforms in inner uniform domains 

We continue to work under the hypotheses made at the beginning of Section [SJ 
Theorem 6.12. Assume that 

• The volume doubling property and the Poincare inequality (for the model 
form (£*,!F)) hold locally up to scale R on W. 

• The domain U is locally (c u , C u ) -inner uniform up to scale R near W . 

Assume that h is a (U, W) -profile for either £ + "/(■,■) or £ s . Then the following 
properties hold: 

(i) The symmetric strictly local regular Dirichlet form (£ D ,w,h ,J^) satisfies 
property (Al) and (A2-B) for any inner uniform ball B = Bfj(a,r) such 
that B D (a,3r) CWK 

(ii) There exist constants oq,Aq £ (0,oo) such that, for any r £ (0, aoR) and 
any inner ball B = Bjj(a, r) with B — Bjj(a, Aor) C W% we have 

V h *(a,2r) < D(W,R)V h2 (a,r) 

and, for any f £ T h (B), 

f \f-f B \ 2 h 2 dfi<P(W,R)r 2 [ h 2 dT(f,f). 
Jb Jb 

The constants ao, Aq depend only c u , C' u . The constants D(W, R) and P(W, R) 
depend only on c u ,C u , the volume doubling and Poincare constants up to scale 
R in W, the constants Co(£),Cs(£), \ j\ and an upper bound on (Cg(£ ) + I7D-R 2 ■ 

The first assertion is clear by Lemma f6.1 01 The proof of the second assertion 
is done in two stages. The first stage concerns the case when h is a profile relative 
to the Dirichlet form £". 

Proof in the case of a £"-(U, W)-profile. When h is a £"-{U, tT)-profile, we can 
apply Proposition 15. f Ol to obtain the asserted doubling property of the volume 
function V^ 2 ■ Note that this very crucial step is based on the boundary Harnack 
principle for £ B (which has only been proved so far for Dirichlet forms) . Since the 
volume function V^i has the doubling property, the stated Poincare inequality 
follows by the line of reasoning explained in [9l Theorem 3.f3]. See also j£l 
Theorem 3.27]. One may have to change the constants ao,A when passing 
from the volume doubling property to the Poincare inequality. □ 

Proof in the case of a (U, W)-profile for £ + •) . Let h still be as in the first 
part of the proof, that is, h is a £"-(U, T4^)-profile. Using the result proved in 
stage f together with Lemma \6 . 1 1 1 and [T3l Theorem 2.13], it follows that there 
exist ao, Ao such that the parabolic Harnack inequality holds for £h+j(-h, - h) on 
any inner ball B — Bfj(a,r), < r < oqR with B = Bfj(a, A$r) C (again, 
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we may have to adjust the constants ao,Ao). The constant in the Harnack 
inequality depends only on c u , G u , the volume doubling and Poincare constant 
up to scale R on W ', C s (£) and upper bounds on | I and (C 8 (£ ) + |7|)-R 2 - 

In particular, if h denotes a fixed (U, iy)-profile for £ + •), the Harnack 
inequality for £ + j(-,-) applies to the weak solution h/h. Adjusting ao, Aq again 
if necessary, on any inner ball B — Bfj(a,r) with B = Bjj(a, A^r) C W", we 
have 

VxeBjj(a,r), h(x) < Aji{a r ) 

with x r any point in B(a,r/4) with d(x r ,dU) > c u r/8. In fact, this argument 
proves that the forms £ and £ + ■y(-, •) satisfy the geometric boundary Harnack 
principle up to scale R near W. Namely, this proves that Theorem 15.51 still 
holds true without the hypothesis (i) of Theorem [53] Consequently, (i) and (ii) 
of Theorem 15.61 hold true without assuming that {£ , J 7 ) is a Dirichlet form. 

In any case, the boundary control obtained above for h implies that the 
volume function V% 2 is doubling in any inner balls B(a, r) as above. By the same 
line of reasoning outlined in the first part of the proof, the Poincare inequality 
holds with respect to the measure h d/i as well. □ 

As a corollary that has already been used in the proof above, we have the 
following very useful result. 

Theorem 6.13. Assume 

• The volume doubling property and the Poincare inequality (for the model 
form (£ a ,F)) hold locally up to scale R on W. 

• The domain U is locally (c M , C u ) -inner uniform up to scale R near W . 

Assume that h is a (U, W)-profile for either £ + 7(-, •) or £ a . Then there exist 
constant ao, A) such that for any inner ball B — Bfj(a,r) with r 6 (O,ao-R) 
and Bjj(a, Aor) C , the parabolic Harnack inequality for £h holds in B up to 
scale r. 

Another useful result already mentioned and used in stage 2 of the proof of 
Theorem 16.131 is the following extension of Theorem 15.61 to the case when £ is 
not a Dirichlet form. 

Theorem 6.14. Let X,£", T ,d, /i be as in Section [2l Let {£,F) be a form 
satisfying Assumption A. Let U be a domain in X . 

(i) Fix a domain W C U , and assume that U is locally inner uniform near W . 
Assume also that the volume doubling property and the Poincare inequality 
hold locally in W . Then the geometric boundary Harnack principle holds 
locally in U near W . 

(ii) Fix R > and a domain W C U . Assume that U is locally (c„, C u )-inner 
uniform up to scale R near W and that the volume doubling property and 
Poincare inequality hold up to scale R in W . Then there exists do > 
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depending only on c u ,C u such that the geometric boundary Harnack 
principle holds locally up to scale aoR near W with constants depending 
only on c Ul C u , the volume doubling and Poincare inequality constants up 
to scale R in W, Cq(£),Cs(£) and an upper bound on C^(£)R 2 ■ 



7 Estimates for the Dirichlet heat kernel 

Let (£", J-) be a model form as in Section [5] and assume that it satisfies (Al)- 
(A2). Let £ be a form satisfying Assumption A. Fix a domain U and consider 
the bilinear form (£/?, J-°(U)) of Definition 15.71 In this section, we derive the 
main results of this paper which are two-sided estimates for the kernel of the 
semigroup Pff t associated with (£ ® , J" ({/)), that is, the heat kernel for £ with 
Dirichlet boundary condition along dll. For simplicity, let us assume that the 
volume doubling condition and the Poincare inequality hold locally in U. This 
immediately implies that the semigroup Pff t admits a continuous positive kernel 
Pu(t,x,y) in U, so that 

Pv,tf(*)= J P§(t,x,y)f(y)dy. 

In fact, by virtue of the local Harnack inequality, this kernel is locally Holder 
continuous in (t, x, y) £ (0, oo) x U x U. 

Next, let h be a positive continuous function in U and consider the form 
(£°' U ,H-\F°(U)), where the map H : f t— > hf is the natural isometry between 
L 2 (U, h 2 dfi) and L 2 (U, d/j.) as in Definition 16.21 By construction, the form £® ' U 
induces a semigroup P^f '■ L 2 {U, h 2 dfi) — > L 2 (U, h 2 d[i) given by 

Phff = h- 1 P$, t {hf). 

Hence, this semigroup admits a kernel p®' U (t,x,y), (t,x,y) £ (0,oo) x U x U 
and we have 

p§(t,x,y) = h(x)h(y)p°< U (t,x,y). (4) 
Clearly, to obtain good estimates for p® , it suffices to obtain good estimates for 

D,U 

Ph ■ 



7.1 Local Dirichlet heat kernel estimates 

In this subsection, we explain how to implement the strategy outlined above 
to obtain heat kernel estimates for p®(t,x, y) at two fixed points x and y in U 
(these points may, in some sense, be close to the boundary). 

We fix R x ,R y > and make the following two basic assumptions: 

(i) The volume doubling property and the Poincare inequality hold up to 
scale R x in B(x, R) and up to scale R y in B(y, R y ). 
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(ii) The domain U is locally (c M , C u )-inner uniform up to scale R x near Bu{x, R) 
and up to scale R y near Bu{y, R y ). 

Next, we pick a real 7 with the property that there exists a function h = h-y 
such that h is positive continuous in U and is a (U, Bjj(x, i?))-profile and a 
(U,fl ff (y,ii))-proffleforf + 7 {.,.). 

The following lemma provides the existence of such a pair (7, h 7 ). 

Lemma 7.1. Let £ be a form satisfying Assumption A. Let U be a domain in 
X. Set 

\ u = M{£(f,f),f£F°(U),\\f\\ 2 = l}. 

(i) Lf U is bounded then —Xu is an eigenvalue for the infinitesimal generator 
of Pff t and the associated normalized L 1 -eigenf unction (f> — <j>u £ T a (U) 
is positive in U . 

(ii) If U is unbounded, then there exists a function h = hjj which is positive 
continuous in U , a local weak solution of —Lh = Xjjh in U , and both a 
(U, Bjj(x, R x )) -profile and a {U, Bjj{y, R y ))-profile for £ — \u(-, •) ■ 

Proof. Part one follows easily from Jentzsch's Theorem (see, e.g., [3TJ Theorem 
V.6.6]. 

For part two, we consider a relatively compact increasing exhaustion U n of U 
such that Bjj{x, R x ) and Bjj{y 1 R y ) are contained in U\. For each U n , we have an 
eigenfunction <f>u n with eigenvalue \jj n in U n given by (i). Fix a point o S U± and 
consider the sequence h n — <j>u n / 4>u n {o). From the definitions and [13] . it easily 
follows that these functions all satisfy local Harnack inequalities (with constants 
independent of n) in their domains and are equicontinuous. This implies that 
some subsequence of (h n ) converges in U to a function h 6 F loc (U) which is 
positive and a local weak solution of — Lh = \jjh in U. In addition, by Theorem 
16.141 the functions h n satisfy the geometric boundary Harnack principle locally 
in Bjj(x, R x ) and Bij(y,R y ), uniformly in n. This easily implies that the limit 
h is a (U, Bu(x, -R^-profile and a (U, Bjj(y, i? y ))-profile for £ — Xjj(-, •)■ See [9, 
Section 4.3.2]. □ 

Remark 7.2. (i) Recall that Assumption A implies that there exists a non- 
negative real a such that £(f,f) > — QfH/Hl f° r a U / £ ^, and that a is 
bounded above in terms of C-2,{£) and C%{£). Hence, Xu > —a. 

(ii) It is not hard to modify the proof of (ii) to show that for each 7 < Xu there 
exists a function /i 7 which is positive continuous in U, a local weak solution 
of — Lh = jh in U, and both a (U, Bjj{x, -R^-profilc and a (U, Bu{y, R y ))- 
profilc for £ — ■). 

Theorem 7.3. Let £ be a form satisfying Assumption A. Let U be a domain 
in X . Fix x, y £ U , T > and 7 and assume that 

(i) The volume doubling property and the Poincare inequality hold up to scale 
R x in B(x,R x ) and up to scale R y in B(y,R y ). 
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(ii) The domain U is locally (c M , C u ) -inner uniform up to scale R x near Bjj(x, R x ) 
and up to scale R y near Bu(y, R y ). 

(Hi) There exists a function h = h-y such that h is positive continuous in U and 
both a (U, Bjj(x, R x )) -profile and a (U, Bjj(y, R y ))-profile for £ + •). 

Then for all t £ (0,T), £ € Bjj(x,aoR x ), £ g Bjj(y,aoR y ), we have 



where r z — minjVi, aoR z } for z = x,y, and where z r G U denotes a point 
such that djj(z,z r ) = r/4 and d(z ri dU) > c u r/8, for z — £, ^ and r = r x ,r y . 
Further, for all t g (0, T), £ g Bfj(x,aoR x ), C £ Bfj(y,aoR y ), we have 

D(t £ c) > a2hm(QeM-A2d u ({;X) 2 /t) 
^ y/V(Z,r x )V(C,r y )h(S rx )h(Cr u ) ' 

The constant ao depends only on c u ,C u . The constant a\ depends only on 
Co(£)-C5(£). The constants Ai,A2,a,2 depend only on c u ,C u , the volume dou- 
bling and Poincare constants up to scale R x (resp. R y ) in B(x,R x ) (resp. 
B(y,Ry)), C {£)-Cr o (£), | 7 | and upper bounds on (C 8 (£) + \^\)R 2 X , (C&(£) + 
\j\)R 2 y , TR X 2 andTR y 2 . 

Proof. By (j4]) these bounds can be deduced from similar heat kernel bounds for 
p h ' . The desired bounds for p h ' follow from classical arguments (e.g., 
Chapter 5] and [2H [26]) based on the validity of the parabolic Harnack inequality 
in B^(x,aoR x ) and By(y,aoR y ) which follows from Theorem 16. 131 □ 

Remark 7.4. Theorem 17.31 holds true if we replace (hi) by the assumption 
that h is positive continuous in U and both a (U, Bu(x, -Rz))-prohle and a 
(U, Bu(y, i? a ))-prohle for £\ 



7.2 Dirichlet heat kernel estimates in unbounded domains 

In this section we prove two-sided Dirichlet heat kernel estimates in an un- 
bounded domain U under various hypotheses. The technique of the proof is the 
same as in the previous section. The form £ is a form as in Assumption A. Our 
minimal assumption on the unbounded domain U is that the volume doubling 
property and Poincare inequality hold locally on U and that U is locally inner 
uniform. By [51 4.3.2], these minimal hypotheses imply the existence of a (En- 
harmonic profile h in U. Since £' is our model form, it is natural to think of the 
£ B -profile ft as a fundamental object. Hence, the heat kernel estimates given in 
this section are stated in terms of h. 

The first theorem of this section provides heat kernel bounds under these 
minimal hypotheses. In the second theorem, these minimal hypotheses are 
upgraded to hypotheses that hold uniformly up to scale R for some fixed R > 0. 
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Theorem 7.5. Let £ be a form satisfying Assumption A. Let U be a locally in- 
ner uniform unbounded domain in X . Assume that the volume doubling property 
and the Poincare inequality hold locally on U . Let hbe a E'-harmonic profile in 
U (extended as a J 7 -quasi- continuous function on U ). Then the Dirichlet heat 
kernel p® has the following properties: 

(i) The function (t,x,y) i-> pjj(t,x,y) is continuous on (0,oo) x U x U and 
the function 

is locally Holder continuous in (0, oo) x U x U . 

(ii) There exist c, C > such that for any pair of points x,y € !7, there exist 
r x ,r y ,A — A(x,y) e (0,oo) such that for any t > and £ e Bfj(x,r x ), 
C Efj (y,r y ), we have 

D(i c t\ < MOh(C)cM-cduttX) 2 /t + Ct) 
Pu\ 1 ^^) — 



where t z = m.m{t, r 2 } for z = x,y, and where z r is a point in U at distance 
at most r/4 from z and at distance at least c u r/8 from dU for z = £, £. 

Theorem 7.6. Let £ be a form satisfying Assumption A. Let U be an unbounded 
domain in X that is locally (c u ,C u )-inner uniform up to scale R. Assume that 
the volume doubling property and the Poincare inequality hold up to scale R 
on U. Let h be a £ a -harmonic profile in U (extended as a J 7 -quasi- continuous 
function on U ). Then the Dirichlet heat kernel p® has the following properties: 

(i) The function (t,x,y) i-> p®(t,x,y) is continuous on (0,oo) x U x U and 
there exist k, oq <G (0, 1) and a constant A\ such that for any r € (0, aoR), 
t,t' e (0, oo), x,x',y,y' e U satisfying t > r 2 , \t — t'\ < r 2 /A, djj(x,x') < 
r, d(y,y') < r, we have 



Pu(t,x,y) p§(t',x',y') 



h{x)h{y) h(x>)h(y>) 



P\ K Pu(t + r 2 ,x r ,y r ) 



h(x r )h(y r ) 



where p = \J\t — t'\+du(x, x')+du{y-, y') and z r is a point in U at distance 
at most r/4 from z and at distance at least c u r/8 from dU for z = x,y. 

(ii) There exist c, C, do, A\,a<2.A 2 > such that for any pair of points x,y GU 
and any t > 0, we have 

D A 1 h(x)h(y) exp(-cdu(x, y) 2 /t + Ct) 

Pu[ ' X ' y) - ^V{x^)V{y,^)h{x^)h{y^) 

and 

a 2 h(x)h(y) cxp(-A 2 du(x, y) 2 /t - A 2 i) 
where r = min{i, (ao-ff) 2 }. 
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Proof of Theorems \7.5\\7U\ (outline). The proofs of the two theorems stated 
above follow well established lines of reasoning. The first (and crucial) step 
is to use (@} and estimate the kernel p h ' . Indeed, by Theorem 16. 131 the asso- 
ciated form Eh satisfies a parabolic Harnack inequality. The desired bounds for 
p®' U follow from classical arguments (e.g., [20j Chapter 5] and [24j [26]) based 
on the validity of the parabolic Harnack inequality. □ 

Remark 7.7. In this theorem, the constant do depends only on c u ,C u . The 
constants c, C depend only on C%{£ )-C^(E ). The constants k, A\, ei2, Ai depend 
only on c u ,C u , the volume doubling and Poincare constant on U up to scale R, 
Cq{£)-C^{£), and on an upper bound on C%(£)R 2 . 

Remark 7.8. In statement (ii), the denominators can be replaced by 

V{x,^)[h{x^)f. 

Note the lack of x, y symmetry of the resulting bounds. This is often useful in 
practice. 

The following corollary of the Harnack inequality for £h up to scale a$R in 
U is also of interest. We note that if u € ^ oc {U, (0, 00) X U) is a local weak 
solution of the heat equation for £ in U, then u/h G J-t,f(U, (0,oo) x U) is a 
local weak solution of the heat equation for £h in U. Hence u/h satisfies the 
Harnack inequality up to scale oqR in U. This and the argument given in [201 
Section 5.4.3] yields the following result. 

Theorem 7.9. Let£ be a form satisfying Assumption A. Let U be an unbounded 
domain in X that is locally (c u ,C u )-inner uniform up to scale R. Assume that 
the volume doubling property and the Poincare inequality hold up to scale R 
on U. Let h be a £' -harmonic profile in U (extended as a T- quasi- continuous 
function on U ). Let u be a positive local weak solution of the heat equation for £ 
in U with Dirichlet boundary condition along dU . Then there exists a constant 
A\ such that for all < s < t < 00 and x, y G U , we have 

u(s,x) h(x) ( ( t-s t-s d v (x,yf 
< Ai exp [Ax I 1 1 



u(t,y) h(y) \ \ s R? t—s 

7.3 Dirichlet heat kernel estimates in bounded domains 

This section focuses on estimates in bounded inner uniform domains and relates 
these results to refined intrinsic ultracontractivity estimates. 

Very generally, consider a positivity preserving strongly continuous semi- 
group P t acting on L 2 (U, /x), where U is a bounded domain, with continuous 
kernel p(t,x,y) such that p(t,x,y) is bounded for each t > 0. Its adjoint P t * 
(with kernel p*{t,x,y) — p(t,y,x)) has the same properties. Let Ao be the 
common bottom of the L 2 -spectrum of — L and — L* where L and L* are the 
respective infinitesimal generators. Let </>o and ^ be the associated positive 
continuous L 2 -normalized eigenfunctions. Following we say that the pair 
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(P t , P t * ) is intrinsically ultracontractive if for each t > there exists a constant 
c(t) such that 

p(t,x,y) < c(t)fo(x)<Po(v)- (5) 

For selfadjoint semigroups, intrinsic ultracontractivity was introduced in [3J. 
Note that if A^, is an eigenvalue for P t with L 2 -normalized eigenfunction ip 
implies 

M < ec(l/|A v ,|) 1 / 2 </) (6) 

In many interesting cases, these bounds hold with q = c(l + f~ i/ / 2 )e~* A ° for 
some > 0. Typically, in the literature, U is a domain in R" and Pt is the 
semigroup associated with an elliptic second order differential operator (e.g., the 
Laplacian) with Dirichlet boundary condition along the boundary of U. Intrinsic 
ultracontractivity is then viewed as a property that depends on the regularity 
of the boundary of U. See, e.g., [TJUj. I n particular, it follows from pQ that the 
heat semigroup with Dirichlet boundary condition in any bounded inner uniform 
domain U C W 1 is intrinsically ultracontractive with ct = c(l + t~"/ 2 )e~ Af,t for 
some c = c(U), v = v(U). Here, we obtain the following refined results. 

Theorem 7.10. Let £ be a form satisfying Assumption A. Let U be a bounded 
domain in X that is locally {c Ul C u )-inner uniform up to scale R. Assume that 
the volume doubling property and the Poincare inequality hold up to scale R on 
U. Let 

X = Xu = mm{£ (/,/) : / G 7°(U), \\f\\ 2 = 1}, 

and let <f> — <f>u be the associated positive L 2 -normalized eigenfunction (of minus 
the infinitesimal generator with Dirichlet boundary condition along dU ). Then, 
for all t £ (0, R 2 ), x, y € U, the Dirichlet heat kernel p® satisfies 

P S(t, x, y) < A.mme-^^ (7) 



and 



d it > . a 2( f ) (x) ( t>(y)e- A ^^ /* 

Pu (*) v) > i ( 8 ) 



Further, for t > R , we have 



e xt pP T (t,x,y) 
(p(x)(p(y) 

The constantc depends only on Co{£)-C§(£) . The constants A\,a 2 , A 2 ,a 3 , A 3 € 
(0,oo) depend only on c Ul C u , the volume doubling and Poincare constants on 
U up to scale R, Co(£)-C§(£), and on upper bounds on (C&(£) + |A|)i? 2 and 
diamu/R- 
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Corollary 7.11. Referring to the notation and setting of Theorem 17. 101 there 
exist a bounded continuous function w on U and a real lj > such that 



Vi > R 2 , x,y eU, 



e M pf}(t,x,y) 



<t>{x)<j)(y)w{y) 



- 1 



< Ate-"*. (10) 



Further, a% < w < As, 



A± < — 7- 3 , , and uj > — r log 



a 3 (l-a 3 M 3 ) 2 " R? 03/^3 

where 03,^3 and R are as in Theorem 17. 101 
Proof. By definition, the semigroup K t — e^P^j. with kernel 

K t {x,y)= eXtp v [t ^ y) 
(j>{x)<t>{y) 

with respect to (j) 2 d^ is positivity preserving and satisfies K t ljj = ljj- It follows 
that its adjoint if t * on L 2 {U, 4> 2 dfi) admits a positive continuous eigenfunction w 
with eigenvalue 1. We normalize w by setting J w(j) 2 d^ = 1. Obviously, w4> 2 d^ 
is then an invariant probability measure for K t and it follows from (|9]) that w 
is bounded and bounded away from 0. 

In the following computation, we think of Kt and w as Markov operators, 
namely, 

f^K t f= ( K t {;y)f{y)^{y) 2 d^y), f h> wf = f fw^dfi, 



acting on L p (U,w4> 2 dfj,). Note that (J9)) implies a$ < w < A3. Hence there exists 
a constant e = 0,3/^43 > such that K #2 (x, y) > ew(y). It follows that Q(x, y) = 
(1 — e)~ l (K#i(x, y) — ew(y)) is a Markov kernel on U with respect to <p 2 dfjL and 
we again denote by Q the associated operator acting on L p (U,w(f> 2 dn). Since 
w<fi 2 dfi is an invariant probability measure for Q, we have (Q — w) n — Q n {I — w). 
Note also that, since Q — w = (1 — e) — 1 (^^2 — w), 

S up{\Q n (x,y)/w(y) - 1|} = \\Q n (I - w)]^ 
x,y 

where the right-hand side is the norm of the operator Q n (I — w) = Q n ~ 1 {Q~ w) 
from V-{U,w<jPdy) to L°°(U,w(j) 2 dy). We have 

||Q-Hli-foo ^^{l-e)- 1 and ||<3" _1 ||i^i < 1- 
Hence, we obtain 

8U V {\Q n (x,y)/w(y) - 1|} < e^l - e)" 1 . 

x,y 

Since Q n (I - w) = (Q - w) n = (1 - e)- n {K nR2 - w), this gives 



sup{|lf nfla (a; 1 y)/w(y) - 1|} < e"^ - e) 



n-1 
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Since 1 1— > sup^, v {|ift(x, y)/w(y) — 1|} is non-increasing in t, we obtain 



sup{\K t (x,y)/w(y) - 1|} < e^l - e)-V 



-iT 2 log(l-e). 



This is exactly the desired inequality. 



□ 



Remark 7.12. Let <jf be the positive eigenfunction associated with the bottom 
eigenvalue A for the adjoint — L* of the infinitesimal generator — L of Pff t . From 
the definitions of <fi, (f>* , w, we deduce that <fi* = w<fi so that we can rewrite (|10|) 

as 



Vi > R, x,yeU, 



e M pf}(t,x,y) _ 1 
<f>(x)<t>*(y) 



< A 



(11) 



Further, we have c(f> < <jj* < C<j> for some positive constants c, C. 



Corollary 7.13. Referring to the notation and setting of Theorem 17. 101 there 
exists a constant A5 such that, ifip ^ (j) is an L 2 (U, /i) -normalized eigenfunction 
of —L with eigenvalue then r\ = — A > l/(A$R 2 ) and 



Vi e U, \tp(x)\ < 



A 5 (f>{x) 



(12) 



The constant A§ depends only on c Ul C u , the volume doubling and Poincare 
constants on U up to scale R, C (£ )-C 5 (S ), and on upper bounds on (Cs(£) + 
|A|)i? 2 and diarmy/i?. 

Proof. By hypothesis, we have P^ t i' = e^ tx '*ip. Hence 



\t pD,U 



- P (A-A^)t 



The previous corollary implies that 

\p - A > lo = 1/(A 5 R 2 ) 
with A^ 1 = log(l - a-i/A^Y 1 . Further, for any x € U and t < R 2 , yields 



|p?'"(t >!Bs y)|V(v)>(l/)< 



4 



v(x,Vt)4>{x^f 



where A[ depends on the same constants as A\ in Theorem 17.101 Because 
/ V' 2 4> 2 dfJ- = 1, it follows that 



,(A-A + )i 



|^(x)| 



-A/ 



3 ,C/ (< ; a;, 2/)-|M^(2/) 2 ^(y) 



< e 



< 



A/ 



\Pa' U {t,x,y)\ 2 ^(y)' J diJ,(y) 



1/2 
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It now suffices to choose t ~ 1/(A^, — A) = 1/rj (which is, indeed, of order at 
most R 2 ) to obtain 

\ip(x)\ < 



y/V{x,l/y/rj) ^{x X/y/ rj) 

□ 

Remark 7.14. In Theorem 17.101 Corollary 17.111 and Corollary 17. 13[ consider 
the special case when the volume doubling property and Poincare inequality 
hold globally on (X, (£ a , J 7 ), d, [i). Specialize further to the case when £ = £ s . 
Assume that U is a (c u , C u )- inner uniform domain in (X,d). Then (J?])-©-© 
and (|10 p -([l2 )l hold true with R = diam^ and constants A\, a%, A%, 03, A3, A4, A$ 
depending only on Cu- 
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